ABSTRACT This paper addresses the robust stabilization of a relative equilibrium for an underactuated autonomous underwater vehicle (AUV) with disturbances rejection. The AUV's dynamics is described by the Hamiltonian equation in the presence of unknown external disturbances and uncertain hydrodynamic damping. The disturbances arising from slowly varying currents are assumed to be constant, which consists of matched disturbances and unmatched disturbances, simultaneously. The unmatched disturbances and the uncertain damping that make the realization of the system stabilization become more challenging. To achieve the control objective, first, a new Hamiltonian equation, which is stable around the desired relative equilibrium, is designed to serve as the closed-loop dynamics in which an integral action is added to suppress the disturbances. By matching the closed-loop equation and the open-loop equation, an antidisturbance stabilizing controller is presented, which requires the knowledge of the uncertain damping. Then, the adaptive control method is employed to propose an improved controller, which enhances the robustness of the uncertain damping. The stability is analyzed by the Lyapunov method. The numerical simulations are conducted to demonstrate the obtained result.
I. INTRODUCTION
Autonomous underwater vehicles (AUVs) are now routinely employed in a wide range of military and civilian applications. AUVs' contributions to marine resources exploration and geoscience were discussed in [1] and [2] . Multiple control motions of AUVs, such as, stabilization, path-following and trajectory tracking, have been addressed to implement these missions.
Many works are focusing on fully actuated AUVs, which means the independent number of control inputs equals to that of the system's freedom. For instance, guidance control of a fully actuated AUV with disturbances rejection was presented in [3] . An anti-disturbance formation control for fully actuated multiple AUVs was addressed in [4] .
For many practical applications, AUVs are typically underactuated, which means that the independent number of control inputs is less than that of the system's freedom. Fewer studies are focusing on motion control of underactuated AUV in three-dimensional space. Robust control of an underactuated AUV moving on a horizontal plane was investigated in [5] . Precise manoeuvring for a 4-degree of freedom (DOF) AUV with unknown disturbances was presented in [6] . Reference [7] showed the stabilization of a relative equilibrium for an underactuated AUV submerged in an ideal fluid in three-dimensional space. In [8] , the stabilization of a relative equilibrium for an AUV with unknown damping terms in three-dimensional space was further discussed.
In this study, the AUV's which we are interested in is a highly coupled 6 degrees-of-freedom (DOF) underactuated nonlinear system, which is not easy to design control schemes for performing desired motions [9] . To reduce the complexity of the motion control problems for an underactuated AUV, primitive motions that can provide the system with some basic motion capabilities were presented to construct complex behaviors in [9] and [10] . In [9] , two primitive motion patterns, called maintain-velocity and changevelocity, were designed, and the vehicle's desired motions, including the point-to-point reconfiguration and the local exponential stabilization, were obtained by the interconnection of the two primitives. In [10] , two classes of trajectory primitives, namely relative equilibria (or trim trajectories) and maneuvers, were identified, and a motion planning framework for the vehicle was proposed by the selection of a finite number of relative equilibria, connected by a finite number of maneuvers. In fact, given a non-zero forward speed and some orientation of the vehicle, any point in the global frame can be reached [11] .
Motivated by these works above, this study will focus on the stabilization of a relative equilibrium for an underactuated AUV while the hydrodynamic damping and external disturbances are considered. The relative equilibrium corresponds to a class of trim trajectories with desired forward velocities. How to connect these trim trajectories to perform complex motions will be discussed in future work. Because the hydrodynamic damping is notoriously difficult to model [12] , robust controllers should be investigated. And the external disturbances also indicate that anti-disturbance controllers should also be investigated.
The AUV's unknown disturbances arising from slowing varying currents can be viewed as unknown constants, which is a common kind of disturbance [12] . The components of the disturbances appearing on the actuated directions are called matched disturbances, and the components of the disturbances appearing on the underactuated directions are called unmatched disturbances [13] . Many kinds of literature are focusing on the control of AUVs with matched disturbances rejection since these disturbances can be compensated by control inputs directly, such as [3] and [14] .
The unmatched disturbances make the realization of control tasks become more challenging [15] . The unmatched disturbances cannot be compensated directly since there are no control inputs on the underactuated directions. It is also well known that unmatched disturbances, even constant disturbances, can shift the stable equilibrium point, or even destabilize an equilibrium [16] . There are few works focusing on control design for AUVs with unmatched disturbances rejection. Path following control of an AUV in a plane with unmatched disturbances rejection was presented in [17] . Joint angles tracking of an underwater snake robot in a plane with unmatched disturbances was discussed in [18] .
To deal with the unmatched disturbances, by adding an integral control action in the desired closed-loop system, an anti-disturbance control method was presented for a class of nonlinear systems with unmatched disturbances in [15] and [19] - [22] . To our best knowledge, most of the applications of the added integral control approach are small dimensional systems with underactuation degree one, and few works are focusing on the robustness of this method when unknown dynamics appears. In this study, by using this control approach, it is the first time to investigate the stabilization of a relative equilibrium of a six DOF AUV with underactuation degree two in the presence of the unmatched disturbances and unknown dynamics.
The main contributions are presented as follows. (i) To reject the disturbances, especially unmatched disturbances, a new Hamilton equation was designed to severe as the close-loop dynamics in which an integral control was added. By matching the close-loop dynamics with the open-loop dynamics, an anti-disturbance controller was presented, which requires the information of the AUV's unknown damping. (ii) To enhance the robustness to the unknown hydrodynamic damping, the adaptive control technique was employed to improve the presented controller. And a robust anti-disturbance controller is proposed. Besides, under the proposed controller, the unmatched disturbances do not shift the desired relative equilibrium. The remainder of this paper is organized as follows. Necessary preliminaries, including the AUV's model and the control objective, are introduced in section II. In section III, a robust controller is proposed to stabilize the relative equilibrium of the AUV in the presence of unknown external disturbances and uncertain hydrodynamic damping. Numerical simulations are shown in section IV. Section V concludes this study. 
II. PRELIMINARIES A. THE AUV'S MODEL
The AUV we investigate is modeled as an ellipsoidal rigid body immersed in fluids in three-dimensional space, as shown in FIGURE. 1. b 1 is the base vector of the longitudinal axis (directed from aft to fore) with a thruster and a torque actuator in this direction. b 2 is the base vector of the transverse axis (directed to larboard) with a torque actuator in this direction. b 3 is the base vector of the normal axis (directed from bottom to top) with a torque actuator in this direction. b 1 , b 2 and b 3 construct a body-fixed reference frame, which represents the AUV's attitude, denoted as
s represents an inertial reference frame.
Assume that the centers of gravity and buoyancy are coincident and that gravity is balanced by buoyancy, which means VOLUME 7, 2019 the gravity and buoyancy play no roles. The AUV's dynamics can be described by the Hamilton equation as follows, which is expressed in the body-fixed frame [23] .
where
x is the AUV's momentum, including the rotational momentum and translational momentum P. I is the moment of inertia, including the added inertia, and m is the mass matrix, including the added mass [12] . I and m constitute the so-called metric matrix M . ξ b represents the AUV's velocity, including the rotational velocity and the translational velocity v, which is expressed in the body-fixed frame. H represents the Hamiltonian function of system (1) .
∇H means the gradient of Hamilton function H . J (x) is called the interconnection matrix, and J (x)∇H is called gyroscopic force, which couples the underactuated variables and actuated variables together. R pd is the matrix of damping coefficients, and −R pd ∇H represents the unknown hydrodynamic damping force. B represents the control input directions, u ∈ R 4 represents the external control inputs expressed in the bodyfixed frame. c is an unknown constant disturbance expressed in the inertial frame s , and R T c describes the disturbance relative to the body-fixed frame. B T R T c ∈ R 4 represents the disturbance in the actuated directions, i.e., the matched disturbance. B ⊥ R T c ∈ R 2 represents the disturbance in the underactuated directions, i.e., the unmatched disturbance, where B ⊥ = [ e 5 e 6 ] T is denoted as the left annihilation of matrix B, e i ∈ R 6 , i ∈ {1, 2, 3, 4, 5, 6} is a vector of zeros except for the i-th entry that is 1.
Furthermore, reasonable assumptions for system (1) are assumed as follows.
Assumption 1: The disturbance c arising from slow varying currents is assumed to be an unknown constant.
Assumption 2: The AUV's surge velocity v 1 is always positive, i.e., v 1 > 0.
Remark 1:
In this study, the proposed controller works well no matter the AUV's surge velocity is positive or negative. However, the proposed controller fails when the surge velocity equals to zero since the surge velocity appears in the denominator of the controller. Motivated by the fact that any point can be reached given that a non-zero forward speed and some orientation of the vehicle [11] , the surge velocity is assumed to be positive. Besides, the motion control for autonomous vehicles with forward velocities has also been widely discussed in many research works, such as [24] - [26] .
Assumption 3: The unknown matrix of the hydrodynamic damping coefficients, i.e., R pd , is diagonal.
Remark 2: In general, the damping of an AUV moving in three-dimensional space will be highly nonlinear and coupled, which leads to off-diagonal terms in the expansion of R pd . The off-diagonal terms disappear when the vehicle has three planes of symmetry [12] . In this study, the AUV is modeled as a symmetrical ellipsoid; thus it suggests a diagonal structure of R pd .
B. CONTROL OBJECTIVE
The control goal of this study is to stabilize the solutions of system (1) into desired relative equilibrium x e , i.e.,
The AUV's equilibria suggest clusters of feasible trajectory primitives for the vehicle [10] . Apart from the reduction in computational complexity, these primitives will then constitute a ''maneuver library'' from which the general trajectory will be constructed by the interconnection of the available primitives. This is the primary motivation for the stabilization of the relative equilibrium.
An essential characteristic of many nonlinear underactuated systems is that the nonlinear system is controllable while the linearized system around equilibria is uncontrollable. The AUV we investigate also has this characteristic.
Proposition 1: System (1) is controllable while the linearized system around the equilibrium x e is uncontrollable.
Proof: According to the controllability for nonlinear mechanical systems shown in [27] , system (1) is controllable. A straight calculation shows that the linearized equation for system (1) around equilibrium x e is as follows.
where There are three main challenges to achieve this control objective. First, although underactuated system (1) is controllable, the linearized system around the desired relative equilibrium is uncontrollable. Thus the linearization technology to design controllers fails. This is an essential difference between underactuated nonlinear systems and fully actuated nonlinear systems. Second, the unmatched disturbance B T R T c ∈ R 4 cannot be suppressed directly by control inputs. One can only use the coupling between the actuated variables and underactuated variables, i.e., gyroscopic force J (x)∇H , to manipulate the underactuated variables and unmatched disturbance via controllers indirectly. Third, there exists unmodeled dynamics for system (1) since the hydrodynamic damping R pd ∇H is unknown.
III. ROBUST CONTROL DESIGN WITH DISTURBANCES REJECTION
In this section, we will propose a robust controller to stabilize the AUV's equilibrium with disturbances rejection via two steps. First, a change of variables, derived from a set of algebraic equations, is employed to describe the state of the closed-loop dynamics, which preserves the form of the Hamilton system with new interconnection and dissipative matrices while an integral control is added. Thus an anti-disturbance controller, which requires the knowledge of the hydrodynamic damping, is proposed by matching the closed-loop system with the open-loop system. And the new Hamilton function is constructed to severe as a Lyapunov function. Second, the adaptive control technique is used to develop the anti-disturbance controller, which is robust in the unknown hydrodynamic damping.
A. ANTI-DISTURBANCE CONTROL DESIGN
In this subsection, an anti-disturbance controller will be presented, which consists of two parts, i.e., u = u 1 + u 2 . The control term u 1 can stabilize the AUV's velocity ξ b into the desired value ξ b e while the other one, u 2 , can reject the external disturbance c.
When there are no external disturbances, the stabilization problem has already been discussed in [8] , which is cited as the following lemma.
Lemma 1: [8] If there are no external disturbances for system (1), the following controller can stabilize the desired relative equilibrium asymptotically.
is a new dissipative damping matrix, R di > 0, i ∈ {1, 2, 3, 4}, are control gains,
is a new Hamilton function,
By substituting u 1 into system (1), we have the following equationẋ
To investigate the anti-disturbance control term u 2 , equation (5) is treated as an open-loop system. Motivated by the idea of the addition of an integral control action [19] , [22] , a change of variables z = (x, ς) ∈ R 6 is employed to describe the state of the closed-loop dynamics, where (·) is a state transformation function, ς ∈ R 6 is an integral control term to be determined. The dynamics of state z is designed with the form of the Hamilton system where integral control ς is involved. For the sake of simplicity, x a = B T x ∈ R 4 is denoted as the actuated variable, x ua = B ⊥ x ∈ R 2 is denoted as the underactuated variable. Similarly, z a = B T z ∈ R 4 and z ua = B ⊥ z ∈ R 2 represent the actuated variable and underactuated variable, respectively.
The state transformation (x, ς) is defined by the change of variables (6) below
The equilibrium for the new variable z is selected as z e = 0 1×3 x 4e 0 1×2 T , x 4e = m 1 v 1e > 0, which also corresponds to an equilibrium of system (5) T . The relation between z e and x z e can be described as z e = (x, ς)| x=x ze . The close-loop dynamics of system (5) is designed as follows.
is the Hamilton function of system (7), η=ς + c is an added dynamical state variable. The integral action ς is introduced to reject the unknown disturbance c, whose dynamics is designed as follows.
γ is a positive definite matrix, which serves as an integral control gain. The other symbols of system (7) are expressed as follows.
Because system (5) is equivalent to system (7), the sate transformation function ϕ(x a , x ua , ς) and the control term u 2 can be derived from matching the two systems. VOLUME 7, 2019 System (7) preserves the form of the Hamilton equation, which suggests that it is convenient to select Hamilton function H dη as a Lyapunov function for analyzing the stability. It is concluded as the following lemma.
Lemma 2: If matrix B z is nonsingular, the solution trajectories of system (7) converge to set {z = z e , η = 0} asymptotically.
Proof: Because the new interconnection matrix
is skew symmetry, it is easy to obtain the derivative of function H dη along trajectories of equation (7) 
SinceḢ dη is negative semidefinite, LaSalle invariance principle will be employed to prove the stability. After defining a compact level set E l = {z, η|Ḣ dη = 0, H dη < l, l > 0}, it can be proved by reductio that {z = z e , η = 0} is the largest invariant set for system (7) under level set E l .
SettingḢ dη = 0, one has that ∇ z H dη = 0, i.e., z = z e . Apart from set {z = z e , η = 0}, one assumes that the largest invariant set, denoted as E M , contains other elements, which indicates that set E M = E M /{z = z e , η = 0} is nonempty. Then it suggests that ∇ z H dη E M = 0, ∇ ς H dη E M = 0. Thus the dynamics of system (7) evolving on set E M iṡ
Because η = 0 and B Z is nonsingular, the solution trajectories of system (10) will leave from z e . Then it is in contradiction with the fact that set E M belongs to the largest invariant set. Thereafter the largest invariant set under level set E l only contains elements z = z e and η = 0. According to LaSalle invariance principle, the solution trajectories of system (7)will converge to set {z = z e , η = 0} asymptotically. Apparently, η = 0 indicates that the integral control action ς of system (7) can reject the disturbance c. To achieve the control objective, the key step herein is to find an appropriate state transformation function z a = ϕ(x a , x ua , ς), which satisfies the fact that changed variable z converging to equilibrium z e indicates state x converging to equilibrium x e . Then an anti-disturbance controller can be derived. In this study, the state transformed function is selected as follows.
And anti-disturbance controller u 2 is designed as follows.
where 
Lemma 3: The closed-loop dynamics of system (5) through feedback controller u 2 (see equation (12) ) is equation (7) . And controller u 2 can stabilize the solution trajectories of system (7) into equilibrium z e .
Proof: Because open-loop system (5) is equivalent to closed-loop system (7), this lemma can be proved by matching the two systems. The state transformed function z a = ϕ(x a , x ua , ς) is found by matching the dynamics of the underactuated variable, and controller u 2 is proposed by matching the dynamics of the actuated variable.
The matching procedure for the dynamics of underactuated variable x ua and z ua can be done as follows.
that is It can be checked that matching equation (17) 
that is
The term (
) T c appears in both sides of equation (19) , thus it can be removed. Then one has the following matching equation
According to assumption 2, the AUV's surge velocity v 1 is always positive, i.e., x 4 > 0, ∂ϕ ∂x a is nonsingular. B is column full rank. From equation (20) , controller u 2 can be derived as follows.
Substituting B T B = E 4 , (21), one has controller u 2 shown by equation (12) . The matching procedure is concluded as an algorithm flow chart, as shown in FIGURE 2.
Besides, from the expansion of matrix B Z (see equation (15)), the matrix is nonsingular. According to lemma 2, controller u 2 can stabilize the solution trajectories of system (7) into equilibrium z e .
Control inputs may be large when the surge velocity approaches zero. Thus saturation functions, such as hyperbolic functions [28] , could be involved to develop saturation controllers in future works.
Lemma 4: When the solution trajectories of system (7), i.e., z(t), converge to equilibrium z e , it also indicates that the solution trajectories of system (5), i.e., x(t), converge to equilibrium x e .
Proof: According to the state transformed function (see equation (11) 
The solution of equation (22) 
Furthermore, it can be proved that x z e 2 = 0, x z e 3 = 0. The dynamics of system (5) evolving on equilibrium x z e iṡ (1) converging to x e when the solution trajectories of system (7) converging to equilibrium z e .
Remark 4: As suggested by reviewers, we compare our control method with others in literature. The addition of the integral control approach has also been presented to stabilize equilibria of underactuated systems with unmatched disturbances rejection in [15] and [19] - [22] , where assumptions about the systems were also assumed. Most of the applications of this approach are small DOF systems with underactuation degree one, such as a permanent magnet synchronous motor (two DOF) [19] , a wheel pendulum (two DOF) [21] and an Acrobot (two DOF) [22] . It fails when the results of these literature are applied to system (1) since these required assumptions do not hold for system (1) . Motivated by the idea shown in these works, we have develop this added integral control approach and have successfully applied it to system (1). To our best knowledge, it is the first time to investigate the stabilization control of a six DOF AUV with underactuation degree two in the presence of the unmatched disturbances and unknown dynamics. Besides, because of the unmatched disturbances, equilibria are always shifted from the desired ones. In this study, the relative equilibrium of the AUV under the proposed anti-disturbance controller does not shift from the desired one, which is also a development for this approach to suppress unmatched disturbances.
These lemmas in this subsection can be concluded as the following theorem.
Theorem 1: For an AUV whose dynamics is described by system (1), the presented anti-disturbance controller, u = u 1 + u 2 (see equation (4) and (12)), can stabilize the AUV's velocity ξ b into the desired value ξ b e asymptotically. Remark 5: Controller u 1 contains unknown coefficients of the hydrodynamic damping, B T R pd , which is a drawback. In the next subsection, by using adaptive control method, an improved controller will be proposed to achieve the control objective, which enhances the robustness to the unknown hydrodynamic damping.
B. ADAPTIVE CONTROL DESIGN WITH DISTURBANCES REJECTION
The adaptive control is a common method to estimate systems' unknown parameters [29] - [32] . Usually, the adaptive control method is used to estimate unknown constants. However, the coefficients of the hydrodynamic damping are unknown functions. Thus the adaptive control technique cannot be employed to estimate these unknown coefficients, directly. Before we propose an improved anti-disturbance controller, some necessary notations are introduced as follows.
where sgn(·) is the sign function, R 0 pd,i , R pd,i and ε i are all scalars, such that
ε i is the adaptive variable whose adaptive law will be determined. Replacing B T R pd in controller u 1 (see equation (4)) with B TR pd , we propose an adaptive anti-disturbance controllerû as follows.
where the adaptive law of variableε i iṡ
Remark 6: Because the damping coefficients are unknown functions, the adaptive law cannot derived from equatioṅ R pd = d(R pd − R pd )/dt. However, R pd (see equation (27) ) is constructed to serve as an auxiliary variable, which is helpful to obtain the adaptive law. The error betweenR pd and R pd can be rewritten asR pd − R pd =R pd + R pd . Then R pd can be shrunken while the adaptive law can be derived from equationṘ pd =Ṙ pd , which will be shown in the following lemma and theorem. Now we will prove that the improved controllerû can stabilize the solution trajectories of system (1) into the desired equilibrium x e , which is also robust in the unknown hydrodynamic damping.
Lemma 5: The close-loop dynamics of system (1) through feedback controllerû (see equation (31)) is
Proof: Rewrite the adaptive variableR pd aŝ
then controllerû can be rewritten aŝ
Substitutingû (see equation (31)) into system (1), we havė
Because of BB T = e 1 e 2 e 3 e 4 0 6×2 T , the additional term,
T , has no components on underactuated directions. According to lemma 3, equation (36) leads to the closed-loop system (33). Lemma 6: When ε i satisfies inequality (30), the inequality below holds.
Proof: Straight calculations show that
and that
Furthermore, one has that
According to inequality (30), i.e., ε i ≤ − R 0 pd,i − R pd,i , inequality (37) can be derived.
Theorem 2: For an AUV whose dynamics is described by system 1, the anti-disturbance controllerû (see equation (31)) can stabilize the solution trajectories of the system into the desired equilibrium x e asymptotically, which also has the robustness to the unknown hydrodynamic damping. Physically, an AUV under controllerû moves with desired velocity ξ b e . Proof: The following function (39) is chosen as a candidate Lyapunov function. Then the derivative of H dT along trajectories of system (33) iṡ
From lemma 6, one has thaṫ
Because ofε i =ε i , the adaptive lawε i (see equation (32) ) is substituted into inequality (41), and one has thaṫ
Similarity with the procedure of proof in lemma 2, {z = z e , η = 0} can be proved to be the largest invariant set of system (33) by reductio. According to lemma 4, it can be claimed that the solution trajectories of system (1) under controllerû converge to desired equilibrium x e while disturbance R T c, including the matched one and unmatched one, is rejected. Apparently, controllerû does not require the knowledge of the unknown hydrodynamic damping, thus it also enhances the robustness to the damping.
Remark 7:
The adaptive control gain matrix,R pd (see equation (26)), has the robustness to the unknown damping. From the expansion ofR pd ,
pd ] ∈ R 4×4 is a free constant matrix gain.ε i sgn(x i χ i ) is always varying until the state variables converge to the desired equilibrium. Althoughε i sgn(x i χ i ) may lead to the chattering phenomenon of the proposed controller ifε i is very large, it is an important term to make the proposed controller to be robust in the unknown damping. There is a trade off between the robustness and the controller's chattering. The coefficient of the adaptive law, α i > 0, determines the adaptive variable,ε i . If α i is small enough,ε i will be slowly changing, which is helpful to alleviate the chattering phenomenon. Usually, these adaptive gains do not converge to the real values except forR pd,4 .
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Remark 8: The adaptive control gainR pd,4 will converge to the real value of the damping coefficient R pd, 4 . In fact, from closed-loop system (7), the dynamics of variable z evolving at the largest invariant set iṡ
Apparently one has thatR pd,4 = R pd,4 when the solution trajectories converge to the desired equilibrium (x 4e = 0). One can also explain this point in a physical way. When an AUV translates along the longitudinal axis with a constant velocity, there exists an unknown constant damping force along this direction. And the control input will compensate the unknown damping force precisely.
Remark 9:
In our previous published research work [8] , a dynamic controller, which was robust in the AUV's unknown damping, was provided by using the universal approximation property of the neural network. However, the approximated error was not considered, which actually led to the bounded convergence. In this study, by designing an adaptive control termR pd (see equation (26)), the proposed robust controller (see equation (31)) can stabilize the solution trajectories into the desired equilibrium, instead of boundaries near the equilibrium, asymptotically. 
IV. NUMERICAL RESULTS
In this section, numerical simulations are conducted to demonstrate the proposed result. The AUV's inertia and mass are cited from [33] , which are presented in table 1. The hydrodynamic damping model is chosen as follows [34] .
where i ∈ {1, · · · , q}, q is an integer. q is selected to be 3 in the following simulations. The external disturbance expressed in the inertial frame is chosen as c = Control parameters to tune the controller are chosen as follows. Elements of B T R d are the coefficients of the dissipative damping feedback. γ plays a key role in estimating the unknown disturbance. The role of matrix R 0 pd is analogous to that of B T R d . These three parameters are helpful to enhance the convergent rate. If these three parameters are large enough, the system will converge to the desired equilibrium very fast; however, the control inputs will also be very large, which is unpractical. Thus there is a trade off between the convergent rate and the controller's amplitude. These control gains are shown in table 2. To alleviate the chattering phenomenon of the proposed controller, the coefficients of the adaptive laws (see equation (32)), α i , i ∈ {1, 2, 3, 4}, are chosen to be small values:
To illustrate the proposed controller's robustness to the hydrodynamic damping, two simulations under the same initial conditions are presented while the different damping coefficients are applied to the simulated system. First, when the real damping coefficients are applied to the system, the simulation results are conducted, which are shown with the red profile curves in the simulation figures. Second, when the values of the damping coefficients are set to be 120% of the real values, the other simulation results are conducted, which are shown with the blue profile curves in the simulation figures. All the simulation results are presented in FIGURE 3 to FIGURE 8. FIGURE 5 represents the profiles of the components of integral control ς in different simulation cases, respectively. From FIGURE 5, all components of the disturbance are suppressed. With a little bit of abuse of notations, u 1 , u 2 , u 3 and u 4 represent the components of the proposed controllerû (see equation (31) ) in FIGURE 6. FIGURE 7 shows the AUV's position trajectories within 5s, which intuitively demonstrates that there exists the lateral movement and that how the AUV turns with forward velocities. FIGURE 8 represents the AUV's position trajectories within 50s, which intuitively shows that the AUV moves with the desired forward velocity. From the simulation results, the proposed anti-disturbance controller can stabilize the AUV's velocity into the desired value, which also has the robustness to the hydrodynamic damping.
V. CONCLUSIONS
In this study, a robust anti-disturbance controller was proposed to stabilize a relative equilibrium of an underactuated 6 DOF AUV. The AUV's dynamics was described by the Hamilton equation in the presence of the unknown external disturbances and uncertain hydrodynamic damping. When the external disturbances, including the matched disturbances and unmatched disturbances, appear, a change of variables, derived from a set of matching algebraic equations, is employed to describe the state of the closed-loop dynamics, which preserves the form of the Hamilton system with the desired interconnection and dissipative matrices while an VOLUME 7, 2019 integral control is added. The Hamilton function qualifies as a Lyapunov function to analyze the stability. Then an antidisturbance controller, which requires the knowledge of the unknown damping, is presented by matching the open-loop dynamics with the closed-loop dynamics. To enhance the presented controller's robustness to the damping, the adaptive control technique was employed to estimate these damping terms appearing in the controller. By replacing the damping terms with the estimated ones, a robust anti-disturbance controller was proposed.
The AUV's relative equilibria suggest clusters of feasible trajectory primitives for the vehicle, which can constitute a ''maneuver library'' to construct a general trajectory via the interconnection of the available primitives. There are many combinations to connect the primitives together for performing complex motions, such as point to point navigation and trajectory tracking. It is a promising research direction to connect the primitives to construct a general trajectory in the senses of optimal control after defining a cost function. His research interests include robust control and nonlinear control. VOLUME 7, 2019 
